This paper studies non-linear constitutive equations for gravitoelectromagnetism. Eventually, the problem is solved of finding, for a given particular solution of the gravity-Maxwell equations, the exact form of the corresponding non-linear constitutive equations.
I. INTRODUCTION
Over the past decade, a description of non-linear classical electrodynamics and Yang-Mills theory has been considered in the literature [1] [2] [3] , with the hope of being able to extend it to a broader framework, including gauge theories of gravity [4] and quantum gravity [5] .
However, no explicit calculation had been performed, and the formulation remained too general for the physics community to be able to appreciate its potentialities. For this purpose, as a first step, we here consider the gravitoelectromagnetism in the weak-field approximation (following, e.g., [6] ). Recall the standard Maxwell equations in SI units [7] curl E = − ∂B ∂t , div B = 0,
where E is the electric field, B is the magnetic field, ρ is charge density, j is electric current density. In the linear case
In the non-linear case these equations can be presented in the form [8] 
where the invariants are (F µν being the electromagnetic field tensor, with Hodge dual * F µν )
Their gravitational analogues in SI are 6) where E g is the static gravitational field (conventional gravity, also called gravitoelectric for the sake of analogy), B g is the gravitomagnetic field, ρ g is mass density, j g is mass current density, G is the gravitational constant, ε g is the gravity permittivity (analog of ε 0 ). Here
are the gravitational permittivity and permeability, respectively. The main idea is to introduce analogues of H and D to write (1.5) and (1.6) in the Maxwell form for 4 fields in SI as
In the linear-gravity case
(1.12)
Note now that the linear-gravity case (1.10)-(1.12) corresponds to weak approximation and some special case of gravitational field configuration. We generalize it to non-linear case which can describe other configurations and non-weak fields, as in (1.3), by
where the invariants are
The gravity-Maxwell equations (1.8)-(1.9) together with the non-linear gravity-constitutive equations (1.13)-(1.14) can give a non-linear electrodynamics formulation of gravity (or at least some particular instances of this construction).
II. LINEAR GRAVITO-ELECTROMAGNETIC WAVES
The gravity-Maxwell equations for gravito-electromagnetic waves (far from sources) are
with generic values of permittivity and permeability (1.7). Then
We differentiate the first equation with respect to time: curl ∂ ∂t
By analogy, from the second equation curl
Hence we get the wave equation for E g ,
(2.6)
III. NONLINEAR GRAVITO-ELECTROMAGNETIC WAVES
The differences begin with the constitutive equations (1.13)-(1.14). For simplicity put first M g = 0. Then
where N ≡ N g (I g1 , I g2 ). The Maxwell equations become (hereafter the dots denote time derivatives)
Take derivative of (3.3) with respect to time and get curl ∂ ∂t
The left-hand side here is curl c
From (3.4) we get div (H g ) = −N H g grad 1 N = 0. Thus, the non-linear analogue of the wave equation is
(3.10)
Note that if N = const, then we obtain the usual wave equation
Take now the constitutive equations in the form
where N, M are constants. In absence of sources, the Maxwell equations become
If we express the Maxwell equations through E g and B g , the second pair of equations become
The second equation, div
(3.18)
Thus, using constitutive equations with constant M and N we have Maxwell equations in terms of B g and E g , i.e.
At this stage, we get the wave equations in the standard way. The time derivative of the first equation yields
∂t 2 , and we get the wave equation for E g ,
Thus, the gravi-electromagnetic waves E g and B g have speed c and do not depend on the constants M and N .
IV. WAVES AND CONSTITUTIVE EQUATIONS FOR LINEAR CONSTITUTIVE FUNCTIONS
Let us consider the constitutive equations (1.13)-(1.14) as linear functions of the invariants, i.e.
a m , b m , a n , b n being some constants. From all the Maxwell equations in material media, and in the absence of sources one finds curl
Since curl E g = − ∂B g ∂t , from the last equation one gets
(4.4)
V. INVERSE PROBLEM OF NON-LINEAR GRAVITO-ELECTROMAGNETISM
In electrodynamics the direct solution of the Maxwell equations together with the non-linear constitutive equations is a non-trivial and complicated task even for simple systems [1, 2] . In previous sections we presented some very special cases of the non-linear functions N and M . Here we formulate the following inverse problem: if we have some particular solution of the gravity-Maxwell equations (1.8)-(1.9) , can we then find the exact form of the corresponding non-linear gravity-constitutive equations (1.13)-(1.14)?
It is natural to consider the case of plane gravitational waves, when the fields have only one space coordinate. We will show that even in this case one can have a non-trivial non-linearity. Let us choose E g and B g mutually orthogonal and perpendicular to the direction of motion
where E ≡ E (t, y), B ≡ B (t, y). Now the invariants (1.15) become
2)
The use of the non-linear gravity-constitutive equations (1.13)-(1.14) gives for the other fields 4) where N ≡ N (I), M ≡ M (I) are the sought for gravity-constitutive functions. They depend on I only, because of Lorentz invariance (see [1, 2] ). Inserting the fields (5.1) and (5.4) into the gravity-Maxwell equations (1.8)-(1.9) without sources gives us 3 equations (hereafter, a prime with the corresponding subscript denotes the first partial derivative with respect to the variable in the subscript, while dot denotes time derivative)
Now we take into account that the gravity-constitutive functions N , M depend only on the invariant I and present (5.6)-(5.7) as the differential equations for them
where we have exploited the identities
The second equation (5.9) can be immediately solved by and its solution is
Otherwise, by using the expressions for I ′ y andİ from (5.2), i.e.
we obtain
where the sum of terms in brackets is not a function of I in general. Usually, in the wave solutions the dependence of fields on frequency ω and wave number k is the same, and therefore we can consider the concrete choice E (t, y) = f (εωt + ky) ≡ f (X(t, y)), B (t, y) = g (εωt + ky) ≡ g(X(t, y)), where α is a constant, so that both E and B can be expressed through one function only, i.e. f , and the invariant I reads eventually as 
